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Abstract
We study the wave functions and purely leptonic decays of b-flavored mesons (pseudoscalars,
vector mesons, and higher excited states that are well established in experiment) in the relativistic
potential model based on our previous works. The wave functions are obtained by solving the
wave equation including the spin-spin and spin-orbit corrections in the effective potential. The
decay constants of B, B∗ and some of their excited states that have been found in experiment are
calculated with these wave functions. Then the branching fractions of the purely leptonic decay
modes of these bottom mesons are studied. Our results are in well agreement with experimental
data for decay modes that have been measured in experiments. We also provide predictions for
some yet unmeasured channels, which are useful for experimental test in the future.
PACS numbers: 12.39.Pn, 13.20.He, 14.40.Nd
Keywords: leptonic decay
∗ sunhk@mail.nankai.edu.cn
† yangmz@nankai.edu.cn
1
ar
X
iv
:1
90
3.
04
29
5v
1 
 [h
ep
-p
h]
  1
1 M
ar 
20
19
I. INTRODUCTION
Recently, the ATLAS collaboration updated branching ratios of B(Bs → µ+µ−) =
(2.8+0.8−0.7) ×10−9 and B(Bd → µ+µ−) < 2.1 ×10−10 with larger collision data samples [1]
at 95% confidence level. The former decay channel imposes severe constraints on theoreti-
cal study, especially for physics beyond the Standard Model (BSM) [2, 3]. In general, the
purely leptonic decays with final lepton-neutrino pair or lepton-lepton pair are considered
as rare decays, which have relatively simpler physics than hadronic decays. Their decay
rates are connected straightforwardly with the Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements [4, 5] and the bound-state properties of the bottom meson.
Compared with our previous work [6] where only decay constants of pseudoscalar B
and Bs mesons are considered, here we extend our earlier work by including the decay
constants and pure leptonic decays of vector and higher excited states of bottom mesons.
We upgrade the scenario for treating the energy-momentum conservation for the quark-
antiquark inside the bottom mesons. The theoretical results for the leptonic decays are
compared with experimental data. For the measured decay modes, our prediction are well
consistent with experiment. For the yet unmeasured decay modes, our prediction could be
useful for experimental test in the future.
The paper is organized as followings. In Section II, we briefly present the theoretical
framework for relativistic potential model, give the solved wave function for the bottom
mesons. The formulas to calculate the decay constants and branching ratios are also given
here. Section III is devoted to numerical results and discussions. Finally, Section IV is for
the conclusion and summary.
II. THEORETICAL FRAMEWORK
A. Relativistic potential model and bound-state wave functions
The heavy-light quark-antiquark bound-state systems have been extensively studied with
the relativistic potential model in our previous works [6–9]. The bound state wave functions
of mesons can be obtained by solving a Schro¨dinger type equation
(H0 +H
′)Ψ( #„r ) = EΨ( #„r ), (1)
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where H0 +H
′ is the effective Hamiltonian, which can be found in Ref. [9] and E is meson’s
energy. The term H0 reads,
H0 =
√
#„p 21 +m
2
1 +
√
#„p 22 +m
2
2 + V (r), (2)
with
V (r) = −4
3
αS(r)
r
+ br + c, (3)
where V (r) is the effective potential for the strong-interaction between the quark and anti-
quark [10–12]. The first term −4
3
αS(r)
r
in V (r) originates from the one-gluon-exchange dia-
gram for the short distance contributions, and br is for confinement effects in long distance,
while c is a phenomenological parameter for this heavy-light quark-antiquark system. The
other term H ′ contains spin-spin hyper-fine interactions and spin-orbit interactions, which
are not given explicitly here (see Ref. [9]).
Using the method described in [7] and developed in [8, 9], the wave equation in Eq. (1)
can be solved numerically. The wave functions in momentum space can be written as,
Ψnlm(
#„
k ) = ϕnl(k)Ylm(kˆ), (4)
where the subscripts nlm stands for n-th radial wave function (n = 1 is the lowest), l orbital
angular momentum quantum number (l = 0, 1, 2, . . . ), and m the magnetic quantum number
corresponding to l. ϕnl(k) is the radial wave functions and Ylm(kˆ) is the spherical harmonics.
The normalization condition for the wave function is∫
dk3|Ψnlm( #„k )|2 = 1. (5)
The details for solving the wave equation can be found in our previous works in Refs. [7–
9], which will not be given here for briefness. By solving the wave equation numerically, the
wave function can be obtained. In practice, it is convenient to give an analytical form for
radial wave functions by fitting the numerical solution. We find the wave function can be
fitted with the following exponential form,
ϕnl(
#„
k ) = a1e
a2| #„k |2+a3| #„k |+a4 . (6)
Next, we give the obtained results for the parameters a1 ∼ a4 for each quantum states.
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FIG. 1. Radial wave functions of pseudoscalar mesons, normalized by multiplying a constant
Y00 = 1/
√
4pi.
TABLE I. Parameters of fitting functions for pseudoscalar B mesons.
Mesons a1 (GeV
−3/2) a2 (GeV−2) a3 (GeV−1) a4
B±/Bd 1.66+0.07−0.11 −1.07+0.12−0.16 −0.98+0.17−0.12 −0.13+0.02−0.04
Bs 1.97
+0.05
−0.09 −1.09+0.12−0.18 −0.69+0.07−0.10 −0.47+0.03−0.07
Bc 1.04
+0.02
−0.03 −0.51+0.07−0.08 −0.44+0.04−0.07 −0.43+0.02−0.04
(1) For pseudoscalars JP = 0−, we ignore the difference between the light quark masses
mu and md, therefore the radial wave functions of B
± and Bd shall be the same. The wave
functions of B±/Bd, Bs, and B±c are depicted in FIG. 1. It is noted that the differences
between B±/Bd and Bs is relatively smaller than that between B±/Bd and B±c , since the
mass of c quark is greatly larger than that of the light-quarks. The results for the parameters
a1, a2, a3, a4 we obtained are listed in Table I,
(2) For vector mesons JP = 1−, in our model [8, 9], they are mixing-states of S-wave
(l = 0) eigenstate |3S1〉 and D-wave (l = 2) eigenstate |3D1〉. The S-wave and D-wave
wave functions should be given separately. We use ΨSV (
#„
k ) to denote the S-wave radial wave
function, and ΨDV (
#„
k ) as the D-wave wave function.
The radial wave functions are shown in FIG. 2. The contribution of the D-wave part
to the leptonic decay is rather small. Therefore, the fitting functions are provided only for
S-wave part using the same analytic form in Eq. (6), the parameters for vector mesons are
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FIG. 2. Radial wave functions of vector mesons, (a) for the S-wave parts and (b) for D-wave
parts.
TABLE II. Parameters of fitting functions for vector B mesons, S-wave part.
Mesons a1 (GeV
−3/2) a2 (GeV−2) a3 (GeV−1) a4
B∗ 1.62+0.06−0.08 −1.09+0.14−0.11 −1.23+0.13−0.09 0.03±0.01
B∗s 1.45
+0.04
−0.06 −1.17+0.15−0.11 −0.84+0.09−0.10 −0.03±0.01
collected in Table II.
(3) For higher excited states 1+ and 2+, only few states have been found in experiments
up to now and information about their decay channels is very limited. Therefore, we only
show the radial wave functions for JP = 1+ mesons in FIG. 3 and for JP = 2+ mesons
in FIG. 4 without giving an analytic form. In principle the numerical form for the wave
functions can be used directly to calculate the meson decays.
B. Decay constants
Using the wave function of the quark-antiquark bound-state, the state of a bottom meson
can be written as [7, 13]
|M( #„P )〉 = 1√
3NL
∑
i
∫
d3kqd
3kQδ
(3)(
#„
P − #„k q − #„k Q)Ψnlm( #„k q)XSms(ai†#„kQ,s1 , b
i†
#„
k q ,s2
)|0〉 (7)
where XSms is the spin wave function, a
i†
#„
kQ,s1
, bi†#„
k q ,s2
are creation operators, and S,ms, s1, s2
are the corresponding spin-related quantum numbers. The superscript i is color index and
5
0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.1
0.2
0.3
0.4
0.5
0.6
ϕ
1
P A
(|#
„ k
|)
| #„k | (GeV)
B1(5721)
Bs1(5830)
(a)
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
0.1
0.2
0.3
0.4
0.5
ϕ
3
P A
(|#
„ k
|)
| #„k | (GeV)
B1(5721)(×(−1))
Bs1(5830)
(b)
0.0
FIG. 3. Radial wave functions of axial vector (1+) mesons, (a) for the 1P1 parts and (b) for
3P1
parts.
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FIG. 4. Radial wave functions of tensor (2+) mesons, (a) for the P-wave parts and (b) for F-wave
parts.
the normalization factor NL is obtained via the normalization condition of the meson state
〈M( #„P )|M( #„P ′)〉 = (2pi)32Eδ(3)( #„P − #„P ′). (8)
The anti-commuting relation of the quark and anti-quark annihilation and creation op-
erators are
{a #„k ,s, a†#„k ′,s′} = δss′δ(3)(
#„
k − #„k ′), (9)
{b #„k ,s, b†#„k ′,s′} = δss′δ(3)(
#„
k − #„k ′). (10)
The energy and momentum conservation between the meson and its constituent quark
and antiquark should hold when considering the decays of the bottom mesons. We take
kq = (Eq,
#„
k q), kQ = (EQ,
#„
k Q), and P = (mP ,
#„
0 ) as the four-momenta of the light quark,
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the heavy quark and the meson in rest frame, respectively. Due to the energy and momentum
conservation, one has
Eq + EQ = mP , (11)
#„
k q = − #„k Q = #„k . (12)
To keep the four-momentum conservation, the heavy quark is taken off-shell, while the
light quark is kept on-shell in the Altarelli-Cabibbo-Corbo-Maiani-Martinelli (ACCMM)
scenario [14, 15]. Here we extend the ACCMM scenario by taking both the light and heavy
quark off-shell. The off-shell of the quarks are a simple treatment for including the energy
and momentum carried by the color field around the quarks. Both the masses of the light
and heavy quarks are taken to be running masses
mq(k) =
√
E2q − |
#„
k |2, mQ(k) =
√
E2Q − |
#„
k |2. (13)
The running masses mq(k) and mQ(k) are restricted to be positive in this work. With Eqs.
(12) and (13), one can obtain√
m2q(k) + |
#„
k |2 +
√
m2Q(k) + |
#„
k |2 = mP . (14)
It is not enough to determine the explicit dependence of the running masses mq,Q(k) on the
quark momentum k with the above equation. We assume the ratio of mq(k)/mQ(k) is a
fixed parameter in this work, i.e., we define the ratio for each quark-antiquark pair as
Ri ≡ mq(
#„
k )
mQ(
#„
k )
, i = (u¯b)∼(d¯b), (s¯b), (c¯b). (15)
In our numerical treatment in the following, we find that the fixed ratio Ri can indeed
accommodate the experimental data for the measured leptonic decays of the bottom mesons,
and the value of the ratio Ri is approximately around the ratio of current masses of the light
and heavy quarks mq/mb.
In general, decay constants of pseudoscalar mesons (B±, Bd, Bs, B±c ) are defined as
〈0|q¯γµγ5b|B(P )〉 = ifPPµ. (16)
Substituting Eq. (7) into the Eq. (16), we obtain the decay constant
fP =
√
3
(2pi)3mP
∫
d3k Ψ100(
#„
k )
(√
1 +
mq(k)
Eq
√
1 +
mQ(k)
EQ
−
√
1− mq(k)
Eq
√
1− mQ(k)
EQ
)
.
(17)
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For vector mesons B∗±, B∗, B∗s , there are two types of decay constants that are defined
according to different currents
〈0|q¯γµb|B∗(P, )〉 = mV ∗fV ∗µ, 〈0|q¯σµνb|B∗(P, )〉 = −ifTV ∗(Pµν − µPν), (18)
where µ is the polarization vector, σµν =
i
2
[γµ, γν ] is the Dirac tensor matrix. Similarly, the
decay constants can be obtained as
fV ∗ =
√
3
(2pi)3mV ∗
∫
d3k Ψ ′n00(
#„
k )
(√
1 +
mq
Eq
√
1 +
mQ
EQ
+
1
3
√
1− mq
Eq
√
1− mQ
EQ
)
, (19a)
fTV ∗ =
√
3
(2pi)3mV ∗
∫
d3k Ψ ′n00(
#„
k )
(√
1 +
mq
Eq
√
1 +
mQ
EQ
− 1
3
√
1− mq
Eq
√
1− mQ
EQ
)
. (19b)
The vector mesons are mixing states of |n13S1〉 and |n23D1〉 with n1, n2 = 1, 2, 3 (details can
be found in Refs. [8, 9]). The wave function Ψ ′n00(
#„
k ) in Eqs. (19a) and (19b) is the sum of
all the S-wave states. The D-wave states do not contribute to the decay constants.
C. Branching ratios of purely leptonic decays
We calculate the purely leptonic decays of pseudoscalar and vector b-flavored mesons in
this section. The decay modes we consider in this work include B±u(c) → l±νl, B∗±u(c) → l±νl,
B0d(s) → l+l− and B∗0d(s) → l+l−. For the leptonic decays of charged bottom mesons, the decay
amplitudes are dominated by the tree-level diagrams. The branching ratios are calculated
to be
B(B±q → l±νl) =
G2Fm
2
lMBq
8pi
(1− m
2
l
M2Bq
)2f 2Bq |Vqb|2τBq , (20a)
B(B∗±q → l±νl) =
G2FM
3
B∗q
12pi
(1− 3
2
m2l
M2B∗q
+
1
2
m6l
M6B∗q
)f 2B∗q |Vqb|2τB∗q , (20b)
where GF is the Fermi constant, Vqb the CKM matrix element, MB(∗)q and ml the masses of
B
(∗)±
q meson and lepton, respectively. τB(∗)q is the life time of the bottom meson.
For the leptonic decays of the neutral bottom mesons, the decays are induced by penguin
diagrams. The effective Hamiltonian describes such decays is [16–18],
Heff = −GF√
2
λq
10∑
i=1
Ci(µ)Qi(µ), (21)
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where λq = VtbV
∗
tq and the operators are (we use b→ s as an example and b→ d is similar),
Q1 = (s¯αcβ)V−A(c¯βbα)V−A, Q2 = (s¯c)V−A(c¯b)V−A
Q3 = (s¯b)V−A
∑
q
(q¯q)V−A, Q4 = (s¯αbβ)V−A
∑
q
(q¯βqα)V−A
Q5 = (s¯b)V−A
∑
q
(q¯q)V+A, Q6 = (s¯αbβ)V−A
∑
q
(q¯βqα)V+A
Q7 =
αem
2pi
mbs¯ασ
µν(1 + γ5)bαFµν , Q8 =
αs
2pi
mbs¯ασ
µν(1 + γ5)T aαβbβG
a
µν
Q9 =
α
2pi
(s¯b)V−A(l¯l)V , Q10 =
α
2pi
(s¯b)V−A(l¯l)A
where α = e
2
4pi
is the electromagnetic coupling constant. Except for the contribution of the
operators Q7 and Q9, the operators Q1−6,8 also contribute to the decay process B∗0d(s) →
l+l− up to next-to-leading (NLO) order in αs expension in QCD. The contributions from
the operators Q1−6,8 can be absorbed by a redefinition of two effective Wilson coefficients
C7,9 → Ceff7,9 . The explicit form of Ceff7,9 can be found in Refs. [18–20], we do not repeat it
here.
Next we give the branching ratio of the pure leptonic decay of the neutral bottom mesons.
The branching ratio of B0d(s) → l+l− is [21]:
B¯(Bq → l+l−) =
G2FMBqm
2
lα
2
4pi3ΓqH
f 2Bq |λq|2
√
1− 4m
2
l
M2Bq
|C10|2. (22)
The hat over B indicates that it is the averaged time-integrated branching ratio that depends
on the details of B0q − B¯0q mixing [22]. ΓqH denotes the total decay width of the heavier mass-
eigenstate . In Ref. [21], the authors define a different Wilson coefficient CA and its relation
to C10 in Eq. (21) is straightforward: |CA| = sin2 θW2 |C10|, where θW is the weak-mixing angle
(the Weinberg angle).
For the process of the vector meson decaying into charged lepton-anti-lepton pair, the
branching ratio reads [23],
B¯(B∗q → l+l−) =
1
ΓB∗q
G2FM
3
B∗qα
2
96pi3
f 2B∗q |λq|2
(∣∣∣Ceff9 + 2 mbfTB∗qMB∗q fB∗q Ceff7
∣∣∣2 + |C10|2) , (23)
where the contributions of order O(m2l /M2B∗q ) are neglected and mc  mb is considered.
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TABLE III. Numerical inputs.
Parameter Value Unit Parameter Value Unit
GF 1.16638× 10−5 GeV−2 |Vub| 3.94(36)× 10−3 –
α
(5)
s (Mz) 0.1181(11) – |Vcb| 4.22(8)× 10−2 –
α(5)(MZ) 1/127.955(10) – |Vtd| 8.1(5)× 10−3 –
MZ 91.1876(21) GeV |Vts| 3.94(23)× 10−2 –
Mt 173.1(9) GeV |Vtb| 1.019(25) –
MB± 5279.32(14) MeV MB∗ 5324.65(25) MeV
MBs 5366.89(19) MeV MB∗s 5415.4
+1.8
−1.5 MeV
MBd 5279.63(15) MeV MBc 6274.9(8) MeV
τB± 1.638(4) ps τBd 1.520(4) ps
2/(ΓBsL+ΓBsH ) 1.509(4) ps ΓBsL−ΓBsH 0.088(6) ps−1
III. NUMERICAL CALCULATION
In this section, we calculate the decay constants in Eqs. (17), (19), and leptonic decay
branching ratios in Eqs. (20), (22), (23) numerically, and compare them with experimental
measurements.
The parameters used in this work are collected in Table III, which are quoted from
PDG [24].
(1) For pseudoscalar B mesons (JP = 0−)
The JP = 0− pseudoscalar meson is |11S0〉 state. Besides the parameters in Table III,
additional numerical input is the Wilson coefficient C10 whose expression is known up to
next-to-leading-order (NLO) in electro-weak (EW) corrections [25] and next-next-to-leading-
order (NNLO) in QCD [26]. Its value is |C10(µb = mb ∼ 5GeV)| = 4.053± 0.032.
Our numerical results are listed in Table IV. The uncertainties of branching ratios mainly
come from decay constants (whose relative error is 5% in our scenario) and CKM matrix
elements (see the full review in paper [24]). For the two well-measured decay modes B+ →
τ+ντ and Bs → µ+µ−, our results are in good agreement with experiment data. The other
predicted branching ratios are all consistent with experimental data. They are well below
the experimental upper limit. The branching ratios of B+ → µ+νµ and Bd → µ+µ− are very
10
TABLE IV. Decay constants, purely leptonic branching ratios of pseudoscalars.
B-Meson Ri (Eq.(15)) fB (MeV) channel this work Exp.
(bq) 1.0× 10−3 210(10)
B+ → e+νe 1.27(26)×10−11 < 9.8×10−7 [27]
B+ → µ+νµ 5.4(1.1)×10−7 < 10.7×10−7 [28]
B+ → τ+ντ 1.21(25)×10−4 1.25(28)(27)×10−4 [29]
Bd → e+e− 3.00(49)×10−15 < 8.3×10−8 [30]
Bd → µ+µ− 1.28(21)×10−10 < 2.1×10−10 [1]
Bd → τ+τ− 2.68(44)×10−8 < 1.6×10−3 [31]
(bs) 1.0× 10−2 229(11)
Bs → e+e− 8.1(1.3)×10−14 < 2.8×10−7 [30]
Bs → µ+µ− 3.45(55)×10−9 2.8+0.8−0.7 ×10−9 [1]
Bs → τ+τ− 7.3(1.2)×10−7 < 5.2×10−3 [31]
(bc) 0.3 429(21)
B+c → e+νe 2.24(24)×10−9 –
B+c → µ+νµ 9.6(1.0)×10−5 –
B+c → τ+ντ 2.29(24)×10−2 –
near to the present experimental upper limit, which are very hopeful to be detected with
the upgraded detectors at Belle II and/or LHCb [32] in the near future.
In addition, the prediction of the branching ratio of B+c → τ+ντ is two orders of mag-
nitude larger than that of B+. Therefore it could be a possible channel to be measured in
experiments in future.
(2) For vector B mesons JP = 1−
Since the total decay widths of vector B-meson are not well measured in experiments
up to now, in this work, their values of theoretical estimations will be used. As stated in
Refs. [33–35], vector B-mesons’ decays are dominated by the electromagnetic processes B∗ →
Bγ and thus we make the assumption that the total decay width Γ approximately equals
Γ(B∗ → Bγ). The respective values are ΓB∗s ∼ 0.068(18) KeV, ΓB∗d ∼ 0.148(20) KeV, and
ΓB∗+ ∼ 0.468+0.073−0.075 KeV. The “running” mass of b-quark is mb(M¯S) = 4.18 GeV. The values
of effective Wilson coefficients are Ceff9 = C
eff
9 (mb,m
2
B∗) ∼ Ceff9 (mb,m2B∗s ) = 4.560 + i0.612
and Ceff7 = C
eff
7 (mb,m
2
B∗) ∼ Ceff7 (mb,m2B∗s ) = −0.384− i0.111 [23].
The results for the branching ratios of vector B-meson are shown in Table V. The uncer-
tainties mainly come from the uncertainties of the decay width of vector mesons and CKM
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TABLE V. Decay constants, purely leptonic branching ratios of vectors with l = e, µ.
B-Meson Ri (Eq.(15)) fB∗q (MeV) f
T
B∗q
(MeV) channel this work
(bq) 1.0× 10−3 223(16) 201(14)
B∗+ → e+νe 9.0(2.5)×10−10
B∗+ → µ+νµ 9.0(2.5)×10−10
B∗+ → τ+ντ 7.5(2.1)×10−10
B∗d → l+l− 3.16(77)×10−13
(bs) 1.0× 10−2 242(17) 219(15) B∗s → l+l− 2.02(64)×10−11
parameters. In general, the branching ratios of the leptonic decay of vector B-mesons are
very small.
IV. SUMMARY
To summarize, we study the leptonic decays of b-flavored mesons in the relativistic po-
tential model. The decay constants of the bottom mesons and branching ratios of the lep-
tonic decay modes are calculated. The predictions for the branching ratios of B+ → τ+ντ
and Bs → µ+µ− are well consistent with the experimental measurements. The other pre-
dicted branching ratios are well below the experimental upper limit. For B+ → µ+νµ and
Bd → µ+µ− decays, the predictions of the branching ratios are very near to the present ex-
perimental upper limit, which are very hopeful to be detected with the upgraded detectors
at Belle II and/or LHCb in the near future. For the leptonic decays of the vector B-mesons,
the branching ratios are very small.
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